An unstructured grid CFD code capable of handling arbitrary polyhedra, named ''LS-FLOW,'' is developed for aerodynamic analyses of complex geometries. Through a series of numerical test cases, it is demonstrated that LS-FLOW can handle both structured and body-fitted/Cartesian hybrid unstructured grids successfully. Then, the code is validated by comparison with experimental data and theoretical solutions. In addition, it is shown that when a Baldwin-Lomax algebraic turbulence model is employed on the body-fitted/Cartesian grid, the portion of the body-fitted grid should be large enough to contain the whole boundary-layer. Finally, LS-FLOW is applied to a rocket configuration, and its future prospects are addressed.
Introduction
With recent advancements in computational resources and methods, aerodynamic analyses are expected to support aerodynamic designs of launch vehicles or airplanes with complex geometries (e.g., Advanced Solid Rocket, 1) Reusable Sounding Rocket 2) ). However, in their design, simulation parameters involving body configurations and flow conditions vary over a broad range, resulting in enormous computational burdens.
In such aerodynamic analyses in which experiments are too expensive, Euler simulations are efficient but not accurate enough. 3) Thus, high-Reynolds number viscous computations are essential to obtain accurate aerodynamic data efficiently.
There are generally three major mesh categories 4) for high-Reynolds number viscous flow computations: Structured grid methods; unstructured grid methods; and Cartesian grid methods. A structured overset grid 5) or multi-block approach, 6) e.g., UPACS, 7) is widely used for such high-Reynolds number aerodynamic analyses. However, generation of a structured grid requires much more time compared to (usually automatically generated) unstructured grids, because this procedure requires a huge amount of labor and skill. Therefore, within the framework of structured grids, it is very costly to perform a parametric study including variation of configurations and flow structures.
Unstructured grid algorithms are attractive and have gained popularity over the past decade [8] [9] [10] [11] because, in general, these grids have more flexibility to represent complex geometries than their structured counterparts. Specifically, the unstructured hybrid grid approach (e.g., prismatic/ tetrahedral, 8) Cartesian, 9, 10, 12, 13) Building Cube Method, 11) and Immersed Boundary Method 14) ) has matured for these high-Reynolds number flow simulations. This is partly because unstructured grid CFD can be equipped with the AMR (Adaptive Mesh Refinement) 15, 16) technique in which flow details of interest are well resolved by a locally refined mesh. However, it is also tricky and difficult to apply AMR to such hybrid grids with resolving important flow structures such as shock waves and vortical flows.
Ó 2011 The Japan Society for Aeronautical and Space Sciences A body-fitted/Cartesian grid approach has the capability for adaptive grid refinement 15, 16) while keeping accuracy for high-Reynolds number viscous flow computation. Thus, we developed an aerodynamic analysis tool consisting of a body-fitted/Cartesian grid generator, LS-GRID, and a cellcentered finite volume compressible flow solver on arbitrary unstructured grids, LS-FLOW.
With the arbitrary polyhedra capability, LS-FLOW can be used on arbitrary grids including body-fitted/Cartesian grids, not to mention structured grids. This feature relaxes the complexity of the data structure and facilitates parallel computations especially for complex geometries, so wideranging applications are expected such as the aforementioned launch vehicles. 1, 2) This paper describes a validation study of LS-FLOW to demonstrate its reliability on both structured and unstructured grids. In Section 2, the governing equations and numerical methods are described. Then, Section 3 presents numerical test cases. First, the numerical accuracy of the code is assessed by vortex preservation benchmark tests. Second, laminar or turbulent boundary-layer over a flat plate is solved and the code is validated by comparison with theories and experiments. Third, laminar flow over an airfoil is solved and the result is compared with others. These three cases use structured grids, but we then use body-fitted/ Cartesian hybrid meshes in the two cases, treating a simple configuration of a sphere, and a rocket configuration as an application to complex geometries. Through series of test cases, some key features of body-fitted/Cartesian simulations are also addressed.
Governing Equations and Numerical Methods

Governing equations
The governing equations are three-dimensional, compressible Euler/Navier-Stokes equations. 
Where, & is density, u i are velocity components in Cartesian coordinates (i ¼ 1, 2, and 3 corresponds to u, v, and w, respectively), E is total energy, p is pressure, H is total enthalpy (H ¼ E þ ðp=&Þ), and T is temperature. Substituting 1, 2, or 3 into k, l, m, or n covers the full description of the 3D equations. The working gas is air approximated by the calorically perfect gas model with the specific heat ratio ¼ 1:4. The Prandtl number is Pr ¼ 0:72. The molecular viscosity " and thermal conductivity are related as ¼ c p "=Pr where c p is specific heat at constant pressure. In the Euler simulations, " is merely turned off (" ¼ 0). In the turbulence calculations, molecular viscosity " is replaced by (" þ " t ), where " t is turbulent viscosity. Likewise, is replaced by ( þ c p " t =Pr t ), and Pr t is turbulent Prandtl number, 0.89.
Numerical methods
In the numerical code LS-FLOW, the system of equations (Eq. 1) is discretized and solved by the cell-centered finite volume method (FVM) for unstructured grids with arbitrary polyhedra. In this code, to avoid special treatments, a cell with hanging nodes is treated as having more than six faces: For example, a cell with one hanging node is treated as a nonahedron (nine faces), not as a hexahedron (six faces). Cell geometries such as volumes, centroids, and facecenters are calculated for arbitrary polyhedra according to Wang. 17) For numerical methods (e.g., inviscid and viscous fluxes, and time evolution), LS-FLOW has many options and they are summarized in Table 1 (for details, see the literature). As shown in the next section, second-order spatial accuracy is achieved. Due to space limitations, only frequently used options are briefly described here.
SLAU numerical flux
The general expression for AUSM-family flux functions is
É ¼ ð1; u; v; w; HÞ T ; N ¼ ð0; n x ; n y ; n z ; 0Þ T ð2bÞ
Then, the mass flux of SLAU 23) is written as 
Viscous Term Wang 27Þ
Turbulence Models Baldwin-Lomax (B-L), 28Þ
Spalart-Allmaras (S-A) 29Þ
Temporal Evolution
g ¼ À max½minðM L ; 0Þ; À1 Á min½maxðM R ; 0Þ; 1 2 ½0; 1 ð2fÞ and the pressure flux is
It is one of the features of SLAU that no cutoff Mach number 25) is required for low-speed flow computations. This will broaden its application to a wide range of flows, e.g., turbopump internal flows.
Turbulence models
LS-FLOW has two popular turbulence models: the Baldwin-Lomax (B-L) algebraic model, 28) and the Spalart-Allmaras (S-A) one-equation model. 29) (A) B-L model: This algebraic (zero-equation), two-layer model is expressed as:
Inner layer:
Outer layer:
where, y max denotes the value of y where F max achieves its maximum value.
In the above expression, y is assumed to be exactly in the direction normal to the wall; in the actual three-dimensional applications, however, y is replaced by d which stands for distance from the wall.
Closure coefficients are ¼ 0:
We point out here that, because the model requires ''searching'' along a mesh line for maximum and minimum values of l mix j!j etc., these equations are considered valid only in structured grids or ones composed of a similar data structure. Thus, use of this model in the present code is confined to the ''layer mesh'' portion of the mixed grids (such as those generated by LS-GRID).
In addition, since it is known that the transition term suggested in the original model (i.e., " t ¼ 0 if ð" t Þ max < 14", along a mesh line) sometimes causes difficulty of convergence, the term is not used in this work.
(B) S-A model: This is a one-equation model used widely both on structured and unstructured grids, partly because searching along a mesh line is not required.
where, S is the vorticity magnitude (equivalent to ! in Eq. (3c)) and d is the wall distance. LS-GRID's default output data set includes d.
In the present code, f t1 and c t3 (and hence, f t2 ) are turned off ( f t1 ¼ f t2 ¼ 0). By omitting tripping terms, the code relies upon a ''natural'' transition from laminar to turbulent flows. Then Eq. (4a) is rewritten as
Other constants are given as
Local time stepping
The local time stepping technique used here where the time step takes its maximum allowable quantity in each local cell is written as: 
where, V i represents cell volume, ' i; j is spectral radius, and S i; j is interface area dividing cells i and j. When this technique is not used (global time stepping), the time step is expressed as follows for all the cells:
where Áh i; j is the distance between centers of cells i and j.
Numerical Examples
The following numerical methods are used as default options (Table 1) , unless stated otherwise: Three-dimensional compressible N-S equations are solved with spatial reconstruction using Green-Gauss (G-G) with no limiter (second order in space), SLAU inviscid flux, Wang's viscous flux, and temporal evolution method is LU-SGS with three inner iterations with three-point backward difference (second order in time). 3.1. Vortex preservation: accuracy study (structured grid) The static and propagating vortex problems, which are widely known benchmark tests for Euler equations, 30, [32] [33] [34] are solved by LS-FLOW to assess the spatial accuracy of the code.
The selected options are: Euler equations and Shu's TVD Runge-Kutta 30) (second order in time); the rest of the methods are the same as the defaults.
The x À x 0 g;
T ¼ À ð À 1Þ 2 8% 2 e 1Àr 2 ; S ¼ 0; ð7Þ
where the vortex center is located initially at ðx 0 ; y 0 ; z 0 Þ ¼ ð5; 0; 5Þ in the computational domain of ½0; 10 Â ½À0:5; 0:5 Â ½0; 10.
In the vortex advection case, the vortex moves with the speed U 1 ¼ 1 both in the x and z directions (thus, propagating in the diagonal direction) in the x-z plane.
For the boundary conditions of what are called characteristic conditions, 34) the exact solution is imposed at all ghost cells at each timestep. Uniform Cartesian grids are used with different time step size Át to keep CFL number almost unchanged. The numbers of cells used in each grid are presented in Tables 2 and 3 . Computations are continued until t ¼ 2:0 when the exact solution of the vortex center in the advection case is located at ð7; 0; 7Þ. Tables 2 and 3 , the L 1 norms in density difference between computed and exact values are presented for static and propagating vortex problems, respectively, and summarized in Fig. 2 . We see that the formal (second) order of accuracy is achieved in L 1 norm in both cases. The grid system used here is also provided at the NPARC website, 35) consisting of 110 (streamwise: wall-boundary starts from 11th cell) Â 80 (wall-normal) structured cells, covering À1:0 x 16:7 and 0 z 3:0. This mesh was converted to the LS-FLOW unstructured format (Fig. 3) . The minimum spacing (width of cell closest to wall) satisfies z þ % 1 over the turbulent region.
The prescribed boundary conditions are: adiabatic, no-slip condition on wall (bottom of Fig. 3, x ! 0) ; inflow Figure 4 shows the skin friction profiles over the flat plate. Symbols indicate computed values except for experimental data by Wieghardt, 36) whereas lines are analytical solutions. All the computations reproduce the corresponding analytical or experimental data both for laminar and turbulent cases, with only one exception for B-L model (l max ¼ 40) case at high Reynolds numbers (Re > 6 Â 10 6 ) where the computed c f deviates 20% at most from the other data.
In the B-L model (l max ¼ 40) case where the Baldwin-Lomax model is used only in the 40 cell-layers normal to the wall (only 0 < z < 4.3e-2), Fig. 5 shows that the development of the turbulent boundary-layer is confined to near the wall, leading to hanging of the evolution of (" t ="Þ max at a some value (about half the B-L model case, see Fig. 6 ). Thus, it is clear that unless the boundary of its searching region is sufficiently far from the wall, the Baldwin-Lomax model underestimates turbulent viscosity (and hence, skin friction). This fact restricts use of the model on body-fitted/Cartesian hybrid meshes (presented later), because its potential searching region where the model is valid is too limited on the body-fitted portion of the mesh, so the model underestimates turbulent viscosity, skin friction, total drag, and heat flux.
NACA0012 airfoil (structured grid)
The flow conditions are M ¼ 0:5, Re ¼ 5;000, no angle of attack; computations were conducted with CFL ¼ 20 (10,000 time steps), and SLAU flux, Green-Gauss reconstruction (without limiter), and LU-SGS time integration (three inner-iterations) were used. The grid is a two-dimen- Fig. 7 ; 201 points are used in the circumferential direction, whereas there are 51 points in the radial (wall-normal) direction; the minimum spacing near the wall is 1.0e-3, based on the chord length of 1. (This spacing achieves sufficient resolution for the boundary-layer considered here.) The far field boundary is 50 times the chord length away from the wall. The computed flowfield is shown in Fig. 8 where the boundary-layer and wake recirculation region are visible. From Table 4 showing drag coefficients C D and separation points computed from a variety of methods, a laminar boundary-layer separation reportedly occurs at some location scattered within 80.9%-88.6% of the chord length in the literature, and C D is 0.0501-0.0569. The present computation yielded a separation point at 84.9% of the chord length and C D ¼ 0:0569, both in the range of the reference data.
An extension of LS-FLOW to low Mach number flows and a detailed survey of preconditioning issues were conducted in Ref. 37 ), using other combinations of time integration methods and flux functions on the present grid. 3.4. Flow past sphere (body-fitted/cartesian hybrid grid) To demonstrate the performance of LS-FLOW in a bodyfitted/Cartesian mixed grid, a steady viscous flow around a sphere was computed here as in Ref. 33) . The grid has 158,342 cells (15 cell-layers around the body) for the half domain (y 0); the minimum spacing near the wall is 1.0e-3, based on the diameter of 1; the far field boundary is 20 times the diameter away from the wall (Fig. 9) .
The flow conditions are M ¼ 0:1, Re ¼ 118; computations were conducted with CFL ¼ 1;000 (10,000 time steps), and SLAU, Green-Gauss (without limiter), LU-SGS (three inner-iterations) were used.
From the residual history ( Fig. 10 ) and from the comparison to streamlines obtained in the experiment 38) (Fig. 11) , the computation successfully converged to a physically correct solution. 3.5. Application to rocket configuration (body-fitted/ cartesian hybrid grid) Finally, we present an example of a practical configuration. Figure 12 shows the grid generated around a rocket configuration, and it also demonstrates that LS-GRID can handle complex geometry. The grid consists of 4,673,642 cells; its minimum spacing near the wall is 3.0e-6 (based on the mainbody length L of 1); the far field boundary is 10 times the mainbody length and about 100 times the cross-section diameter (% 0:1) away from the wall. The flow conditions are M ¼ 0:7, Re ¼ 1:01 Â 10 7 ; computations were conducted with CFL ¼ 1;000 for 10,000 time steps; SLAU flux, Least Square (for inviscid terms)/Green-Gauss (for viscous terms) methods without limiters, LU-SGS time evolution (no inner-iterations), and B-L model (only in the body-fitted mesh for x < L) were used.
Although we demonstrated in 3.2 that the S-A model is preferred to the B-L model for this type of mesh, we adopted the B-L model here because it can take a much larger CFL than the S-A model, and also because the objective of this computation is to compare the calculated pressure profiles with measured data on the upstream portion of the body. In this region, the boundary layer is thin enough to be included in the current body-fitted mesh, and turbulence is considered to play a minor role.
The computed result (Fig. 13) shows that flow features such as compression and expansion are well captured, and that the pressure profile is in good agreement with the experimental data on the blunt-cone shaped nose-fairing and its vicinity. In particular, the stagnation pressure at x=H ¼ 0 (H is the nose-fairing length in the axial, x-direction) is in excellent agreement with the measured data, and expansion at the conjunction of the cone and the cylinder parts (x=H ¼ 1) is captured fairly.
Another set of examples for supersonic cases with more realistic configurations are presented in Ref. 1), where the computed normal force, using the S-A model, on similar configuration shows good agreement with experimental data. Baseflow-related issues such as base pressure, recirculation, and axial force (drag at zero incidence) are future challenges, and we are preparing by incorporating more advanced and suitable methods of DES and DDES into LS-FLOW. 42) Furthermore, it is costly to use two reconstruction methods of LSQ and G-G each for inviscid and viscous terms. The reason for this choice is explained in Ref. 18 ), Feb. 2011 and the new method named GLSQ, 18) combining these two methods in a unified manner, is currently incorporated in the code. These updates are not covered in these test cases, but will be included in the future publications.
Summary
To verify and demonstrate the current status and recent development of an unstructured grid CFD code named ''LS-FLOW'' for arbitrary polyhedra, a series of numerical tests have been conducted. The results are summarized as follows:
-Accuracy study of stationary and propagating vortex cases demonstrated that the formal (second) order of spatial accuracy was achieved.
-Computations on structured grids for flows over a flat plate (both laminar and turbulent) and an airfoil (laminar) validated the code by comparison to theories and/or experiments.
-Computations on body-fitted/Cartesian mixed grids for flows over a sphere and a rocket configuration, along with the validation, demonstrated that the code successfully handle such an unstructured mesh.
-The case of the turbulent boundary-layer over flat plate indicated that use of the B-L model is not recommended in body-fitted/Cartesian grids, because turbulent viscosity (and hence, skin friction, total drag, and heat flux) over the wall is significantly underestimated (20% at most in present case).
Recent work involves further improvements to LS-FLOW by incorporation of DES, DDES, 42) and a new reconstruction formula GLSQ. 18) Extensions to multi-species gases, reacting flows, and cavitating multi-phase flows are being considered. A broad range of applications are expected, such as aerodynamic analysis of the Advanced Solid Rocket (currently Epsilon Launch Vehicle) 1) and Reusable Sounding Rocket. 
